In this paper, we implement reproducing kernel Hilbert space method to tenth order boundary value problems. These problems are important for mathematicians. Different techniques were applied to get approximate solutions of such problems. We obtain some useful reproducing kernel functions to get approximate solutions. We obtain very efficient results by this method. We show our numerical results by tables.
Introduction
A numerical approximation of tenth-order boundary value problems has been given in [1] . Usmani [2] has solved fourth order boundary value problems by using the quartic spline method. Twizell and Boutayeb [3] have improved the numerical approximations for higher order eigenvalue value problems. The approximation of second order boundary value problems has been presented by Alberg and Ito [4] . Siraj-ul-Islam et al. [5] has used a non-polynomial spline method to approximate the sixth-order boundary value problems. Papamichael and Worsey [6] have applied the cubic spline algorithm to solve linear fourth-order boundary value problems. Siddiqi and Twizell [7, 8] have enhanced numerical approximations of tenth and twelfth-order boundary value problems.
We consider the following problem in the reproducing kernel Hilbert space:
q (x) (τ) + a 1 (τ)q (ix) (τ) + a 2 (τ)q (viii) (τ) +a 3 (τ)q (vii) (τ) + a 4 (τ)q (vi) (τ) + a 5 (τ)q (v) (τ)
with boundary conditions:
where α j , β j , j = 0, 1, 2, 3, 4 are arbitrary fixed real constants, and a j (τ), j = 1, 2, ..., 10 and H(τ) are continuous functions given on [a, b] . The notion of reproducing kernel has been presented by Zaremba [9] . Aronszajn has given a systematic reproducing kernel theory containing the Bergman kernel function [10] . For more details, see [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] .
This paper is constructed as: Section 2 shows the reproducing kernel functions. The exact and approximate solutions of the problem are acquired in Section 3. Numerical results are given in Section 4. Conclusions are presented in the last section.
Reproducing Kernel Spaces and Their Reproducing Kernel Functions
We give some important reproducing kernel functions in this section. We define V 11 2 [0, 1] by:
, h (8) , h (9) , h (10) are absolutely continuous functions,
We define the inner product as:
We can obtain:
. Therefore, we have
Thus, we get
We use integration by parts and we get
Therefore, we achieve
We choose
Thus, we acquire
The reproducing kernel function P y is obtained as
.
where AC shows the space of absolutely continuous functions.
and
are the inner product and the norm in V 1
is obtained as [26] :
3. Solutions in V 11 2 [0, 1] The solution of the problem is considered in the V 11 2 [0, 1]. We define
The model problem changes to the following problem:
with the following boundary conditions:
Theorem 1. Y is a bounded linear operator.
Proof. We need to show Yh
, where M > 0. We acquire
by Equations (1) and (2). We obtain
by reproducing property. Thus, we reach
where M 1 > 0. Therefore, we find
where M 2 > 0. Therefore, we reach
Finally, we obtain
The Main Results
Let
of V 11 2 [0, 1] can be obtained as:
Proof. We get
Theorem 3. If h(τ) is the exact solution of Equation
Proof. We obtain
by Equation (5) and the uniqueness of solution of Equation (4).
The approximate solution h n can be obtained by:
4. Numerical Results Example 1. We consider the following tenth-order equation as:
The exact solution to the above boundary value problem is given by [1] :
We need to homogenize the boundary conditions to apply the reproducing kernel Hilbert space method: 
Conclusions
In this paper, we used an accurate technique for investigating tenth order boundary value problems. An example was chosen to prove the computational accuracy. As shown in Table 1 , our method is very accurate. We acquired some significant reproducing kernel functions to get approximate solutions and absolute errors.
